Geometry of the fluid container plays a key role in the shape of acoustic streaming patterns. Inadvertent vortices can be troublesome in some cases, but if treated properly, the problem turns into a very useful parameter in acoustic tweezing or micromixing applications. In this paper, the effects of sinusoidal boundaries of a microchannel on acoustic streaming patterns are studied. Results show that while top and bottom sinusoidal walls are vertically actuated at the resonance frequency of basic hypothetical rectangular microchannel, some repetitive acoustic streaming patterns are recognized in classifiable cases. Such patterns can never be produced in rectangular geometry with flat boundaries. Relations between geometrical parameters and emerging acoustic streaming patterns lead us to propose formulas in order to predict more cases. Such results and formulations
I. INTRODUCTION
Ultrasound acoustic standing waves are used to generate two nonlinear acoustophoretic forces for manipulation of fluids and particles inside microfluidic systems [1] . The acoustic radiation force tends to focus particles on the nodal or anti-nodal plane of the acoustic standing waves [2] [3] [4] [5] while the Stokes drag force of the acoustic streaming velocity field, tends to defocus and spread out the suspended particles [6] [7] [8] [9] . Critical particle diameter is determined as a crossover from the radiation force dominated region to the acoustic streaming-induced drag force dominated region [10, 11] . Particles with diameters larger than the critical diameter are enforced with the radiation force, as it caused by the scattering of acoustic waves from the surface of particles. On the other hand, tiny particles smaller than the critical size are affected by the acoustic streaming steady fluid flows, caused by viscous stresses in acoustic boundary layers.
The classical theory of Rayleigh streaming was established for shallow infinite parallelplate channels [6] . Schlichting streaming is modeled mathematically for single planar infinite rigid walls [7] . Many further studies have followed the same geometries [9, [12] [13] [14] . Muller et.
al. [15] have proposed a theoretical analysis of acoustic streaming with taking the effect of the vertical sidewalls into account. They published a complete description of microparticle acoustophoresis in combined with wall effects.
For geometries more irregular than rectangular microchannels, the analytical studies are impossible and numerical simulations must be employed. To date, there has been a large quantity of literature published on this topic including analytical, numerical and experimental studies. Any changes in the boundary conditions, such as the geometry of the fluid container, dramatically affect the shape of the acoustic streaming patterns. Inadvertent vortices can be troublesome in some cases, but if treated properly, the problem turns into a very useful parameter in patterning or mixing applications [1, 16] . A microchannel with the sharp-edged sidewalls has been used as a micromixer [17] . Same geometry proposes precise rotational manipulation of cells and other micrometer-sized biological samples [18] . Also, additional study shows that mixing performance varies at different frequencies and tip angles [19] . Oscillations of tilted sharp-edge structures have suggested a programmable acoustofluidic pump [20] . Function of oscillating microbubbles have considered in some other literatures. Acoustically driven sidewall-trapped microbubbles act as a fast microfluidic mixer [21] . Microbubbles inside a horseshoe structure produce acoustic streaming vortices which are able to trap bacterial aggregations [22] . In the other hand, focusing the sub-micrometer particles and bacteria both horizontally and vertically in the cross section of a microchannel is feasible using two-dimensional acoustic streaming phenomena. The single roll streaming flow is observed experimentally in a nearly-square channel, and acoustophoretic focusing of E. Coli bacteria and 0.6 m particles is achieved [23] . An ultrasonic device for micropatterning and precision manipulation of micrometer-scale particles has been introduced using eight piezoelectric transducers shaped into an octagonal cavity [24] . The effects of profiled surfaces on the boundary-driven streaming fields in 2D rectangular chambers have numerically investigated by Lei et. al [25] . Their models predict that profiles with amplitudes comparable to the viscous boundary layer have the potential to dramatically enhance (and change the pattern of) acoustic streaming patterns.
In this work, we numerically investigate the effects of different geometrical parameters on two-dimensional acoustic streaming patterns inside microchannels with acoustically oscillating sinusoidal walls in vertical direction. Some special acoustic streaming patterns emerge in the form of repetitive shapes in special cases that can never be produced in rectangular geometry with flat boundaries using one-dimensional oscillations. We propose a relation between such patterns and geometrical parameters that lead us to predict much more cases.
Such results for sinusoidal geometry were not trivial at a glance.
The paper is organized as follows. In Sec.II we derive the governing equations that are solved numerically. This is followed in Sec.III by description to the numerical model and considering boundary conditions. In Sec.IV effects of three geometrical parameters are discussed that are the ratio of the side walls, symmetry or asymmetry of sinusoidal walls and geometrical wavelength of them. A formulation is suggested to make other cases predictable. Finally, an application is introduced numerically to trap sub-micron particles inside a sinusoidal microchannel in single tweezing points. Such trapping was never achieved in two-dimensional cases with only one directionally oscillation of boundaries. All conclusions stated in this paper can be leading points to optimize the performance of acoustofluidic devices.
II. THEORY
In the absence of external body forces and heat sources, there are three important governing equations in microfluidic systems as [26] 
The continuity equation 1a expresses conservation of mass where the mass current density is ρ, the Navier-Stokes equation 1b expresses conservation of momentum where momentum current density is ρv, and the equation 1c expresses conservation of energy where energy current density is ρ(ε + 1 2 v 2 ) [26, 27] . is internal energy per unit mass, v is velocity of the fluid in the medium and k th is the thermal conductivity. Also, σ is the stress tensor of the fluid (Cauchy stress tensor) as
where the viscous stress tensor, τ , is expressed in terms of dynamic shear viscosity η and bulk viscosity η B . Additionally, p is the pressure field and I is the unit tensor.
Thermal effects will be neglected, because the thermal boundary layer thickness (thermal diffusion length), δ t , in fluids is much smaller than viscous boundary layer thickness (viscous penetration depth), δ ν that are defined as [28] 
where D th is the thermal diffusion constant, ω is angular frequency of the acoustic field and
is the dynamic viscosity.
Considering the external acoustic field as a perturbation of the steady state of a fluid, All the fields can be expanded as g = g 0 + g 1 + g 2 taking first and second order (subscript 1 and 2, respectively) into account. We expand the non-linear fluid equations to second order.
For a medium with the speed of sound c 0 , the magnitude of the perturbation can be characterized by the dimensionless acoustic Mach number [27] as
where ρ 0 is the unperturbed density of the fluid and ρ 1 is the first order perturbation term of density. Ignoring thermal effects, the first-order perturbation approximation of governing equations in frequency domain are [29] 
The acoustic pressure is calculated as
is isentropic compressibility where c 0 is the speed of sound in water at rest . Using the first order approximation of the perturbation theory, the stress tensor is calculated as
where zero indices refer to the properties at the equilibrium. The time averaged second-order perturbation approximation of governing equations in frequency domain are [29] 
The stress tensor of the fluid using the second-order perturbation theory is defined as,
where η B 1 and η 1 are the bulk viscosity and dynamic shear viscosity of the fluid, respectively. As mentioned above, in adiabatic thermodynamic approximation, the thermal term is ignored. Resulting expression for the acoustic radiation force on a spherical particle with radius of a is obtained by [28, 30] 
where v in 1 and p in 1 are the first-order pressure and velocity fields of the incident acoustic wave evaluated at a particle position. Asterisks denote complex conjugations. The prefactors f 1 and f 2 are the so-called mono-and dipole scattering coefficients, respectively that in viscous fluid are calculated as [28, 30] 
where κ p and ρ p are the compressibility and density of the particles, respectively.
The time-averaged streaming-induced drag force on a spherical particle of radius a moving with velocity u, far from the channel walls in a fluid with time averaged streaming velocity v 2 is given by [30] 
The nonlinear acoustophoretic forces compete with each other. The crossover from the dominance of each force is defined through a critical particle radius. For a fixed spherical particle inside a rectangular microchannel, the crossover diameter is [28] 2a c = 12
where Ψ is a factor related to the channel geometry. The acoustophoretic contrast factor is calculated as Φ(κ,ρ,δ ν ) = 1 3
f r 2 (ρ,δ ν ) that contains material parameters. The monopole scattering coefficient, f 1 , is real valued and depends only on the compressibility ratio between the particle and the fluid,κ but the viscosity-dependent dipole scattering coefficient ,f 2 , is in general a complex-valued number, and its real value is abbreviated as
III. NUMERICAL MODEL AND BOUNDARY CONDITIONS
In the following, a numerical model is presented for microchannels with actuating sinusoidal top and bottom walls. Finite element method is one of the most widely used numerical methods in computational simulations. In this study, the same method is utilized considering the weak form of the partial differential equations. 
where A is the amplitude of the sinusoidal boundaries, w is the width of the microchannels, h is the height of corresponding hypothetical rectangular microchannels, which is considered 100µm in this study, and φ g is a geometrical phase parameter, typically equals to zero.
Noteworthy, first ± sign in the Eq. 11 refers to top or bottom boundaries, and the minus sign in second ± in equation belongs to the bottom walls of asymmetrical microchannels.
The governing equations (5, 7) are solved using finite element COMSOL Multiphysics v5.2a software. We have used the mathematics-weak-form-PDE module of the software for both first and second order equations. The conducted steps are as follows: First, the flow equations are written as source-free flux formulation, ∇·J +F = 0; Then they are converted to the weak-form; Finally, the weak-form equations are solved by mathematics-weak-form-PDE module. In all cases, the zero-flux boundary condition, J · n = 0, is supposed; where n is the normal vector to the boundary surface. Also, all boundaries are considered as hard walls.
Top and bottom walls are actuated by an external acoustic field at the frequency of f v which is the vertical resonance frequency of a hypothetical rectangular microchannel with a height of h. The boundary conditions of the first-order velocity field are top-bottom :
left-right :
where v bc = ωd, ω = 2πf , and d = 0.1 nm. The displacement of the oscillating walls in the z direction, d, is small enough to use the perturbation theory.
A zero-mass-flux boundary condition is considered for the second-order velocity field as top-bottom :
The maximum mesh size in boundaries until 10δ ν and bulk are considered 0.5µm and 5µm, respectively. The mesh element growth rate is 1.3 (see Fig. 2 ). The fluid inside the microchannel is considered to be quiescent water. Also, the physical parameters for water at temperature of T = 25
• C and pressure p 0 = 0.1013 MPa are shown in Table I . 
IV. RESULTS AND DISCUSSION
Acoustic streaming vortices can be troublesome in some cases, but if controlled and treated properly, the problem turns into a beneficial parameter in acoustic tweezing or micromixing applications. Concerning the fact that the acoustic streaming patterns are extremely sensitive to the geometry of the fluid container, extensive numerical calculations were carried out to study such effects on acoustic streaming patterns in two dimensions. In what follows we present the results and discuss their implications.
A. Effective parameters on acoustic streaming patterns of sinusoidal microchannels
The parameters which can affect streaming patterns in a microchannel with sinusoidal boundaries are the applied frequency, f , microchannel's width to height ratio, n = w h , amplitude of the sinusoidal walls, A, symmetry or asymmetry of the sinusoidal walls, and geometrical wavelength, λ g . In this study, f v and A are considered constant equal to c/2h
and h/50 respectively, where c is the speed of sound in water. Effects of other parameters are investigated in details as follows. Acoustic streaming patterns for other geometrical wavelengths with variable ratios have been studied numerically and same pattern sequences have been extracted. Details will discuss in Sec. III to classify and formulate such appearing streaming patterns.
Effects of geometrical wavelength on acoustic streaming patterns
Another investigation has carried out focusing on the different values of λ g but fixed n. Results show that λ g definitely affects on streaming patterns in some cases. Dominant repetitive vortices and twisting-like patterns are discoverable same as in cases with fixed λ g but changing n. In some repetitive cases, patterns resemble flat geometry pattern. Figure 5 shows the results for n = 6 and definitive magnitudes of λ g . As depicted, acoustic standing waves rotate in some cases from vertical into horizontal. Noteworthy, the frequency of actuation and the direction of oscillations are vertically in all cases. More investigations show that the patterns in n = 600 are achievable in other channel widths with classifiable values of λ g . As a result, some formulations are proposed in Sec.III to make acoustic streaming patterns predictable as much as possible.
Effects of asymmetrical sinusoidal top and bottom walls
Same simulations as above repeated for asymmetrical sinusoidal boundaries. Figure 6 indicate cases with different values of n but fixed λ g and Fig. 7 shows selected simulations for different values of λ g but fixed n. Results declare that in asymmetrical cases previous patterns, as in symmetrical boundaries, are not achievable. The generating standing waves typically resemble flat geometry and streaming patterns carry less deviation from a rectangular case in compared to the symmetrical cases. However, some considerable patterns exist.
At the geometrical wavelength of λ g = 2w but high numbers of n four additional boundary layers generate around the sinusoidal curved boundaries. As a result, four bulk streaming flows emerge in the bulk of the microchannel. In addition, at λ g = w, some stretched fluid circles are generated as in Fig. 7(d) . As such, fluid molecules or tiny particles transfer from one side to another side just through implying acoustical oscillations. , where p = 1, 2, ..., 10, leads to a 10 × 10 matrix which contains numerical results. A classification is proposed to predict patterns with larger values of λ g and n through an inductive reasoning.
First formula is declared for fast streaming patterns like Fig. 5(d) . It resembles to a chain with n numbers of rings.
w, where n ≥ 6 ∈ R.
Next formula is proposed for the patterns like Fig. 5 (l) that n numbers of dominant vortices are recognizable.
Similar patterns, with a shift of one vortex forward, exist (As shown in Fig. 5(p) ). The formulation is
Another series of similar patterns could be defined considering that two corresponding vortices are generated instead of one dominant vortex as in two previous classes.
w, where n ≥ 4 ∈ R.
Next formula is defined for identical patterns imposing a shift of one vortex forward (See Fig. 5(t) ).
For the cases very similar to flat geometry, a general relation can be proposed as
w, where p ≥ 1 ∈ R for odd numbers of n (21a)
w, where p ≥ 1 ∈ R for even numbers of n (21b) Figure 8 validates Eq. 15 of acoustic streaming classified patterns. A single vortex is accessible when n = 1 and λ g = 4w in addition to the proposed formula.
Noteworthy, other cases with half numbers of n or geometrical wavelengths of λ g = 4w 2p−1 with p = 1, 2, ..., 10, could be investigated. The same classification could be defined but be ignored in this study.
C. Investigation of microchannel's building blocks
It might be supposed that repetitive patterns could be generated when some building blocks with a single-vortex pattern are joined to make a long sinusoidal microchannel. In this section, it is clarified that the repetition of acoustic streaming patterns is not in a trivial manner. As in Fig. 9 a microchannel with n = 4 and λ g = w is separated into four microchannels with n = 1 and λ g = 4w. Figure 10 shows the results when two blocks are joined. Patterns are satisfying in this case and two dominant vortices are functioned normally with the same order of the magnitude.
As the third block is added, each dominant vortex separates into two vortices. Adding the fourth block destructs all the patterns and the resulting pattern becomes the same as the rectangular case. Surprisingly, adding the fifth block, make bulk vortices emerge again (See Fig. 11 ).
One other example for different behavior of joined building blocks in comapred with separated ones is shown in Fig. 12 where each block have n = 1 and λ g = w.
D. Trapping submicrometer particles inside symmetrical sinusoidal microchannels
Novel acoustic streaming repetitive patterns have introduced numerically earlier in this paper. Patterns with repetitive single dominant vortices are capable of trapping sub-micron particles inside a sinusoidal microchannel in tweezing points. The most important finding is that such trapping now is possible through modification of the geometry of the boundaries instead of adding more oscillating boundaries. Several attempts have been made to create such patterns using multiple actuators with flat geometry [23, 24] . Two-dimensional cross section of a sinusoidal microchannel with 1mm width, and geometrical wavelength of 2 9 is shown in Fig. 13 . Top and bottom sinusoidal walls are actuated at the frequency of f v = c 2h
.
The snapshots after 10 seconds for simulation of particles with radius of a = 0.25 µm inside the microchannel indicates that sub-micrometer particles tend to focus being affected by acoustic streaming fluid flows (See Fig.13(d) ).
V. CONCLUSION
In this paper, we aimed at numerically characterizing two-dimensional acoustic streaming patterns generated in the fluid inside the microchannels with acoustically oscillating sinusoidal boundaries. Concerning the fact that the acoustic streaming patterns are extremely sensitive to the geometry, some geometrical parameters have been investigated that was the microchannel's width to height ratio, symmetry or asymmetry of sinusoidal walls and geometrical wavelength of sinusoidal boundaries. Results indicated that while the top and bottom sinusoidal boundaries had vertically been actuated at the resonance frequency of basic hypothetical rectangular microchannel, some repetitive acoustic streaming patterns generated. Such patterns could have been never produced in rectangular geometry with flat boundaries with only one directionally oscillation of boundaries. Relations between geometrical parameters and emerging acoustic streaming patterns led us to suggest some formulas in order to predict more cases. Results and formulations were not trivial at a glance. Consequently, an application has been proposed numerically to trap sub-micron particles inside a sinusoidal microchannel in some tweezing points. All conclusions stated in this paper can be leading points to optimize the performance of acoustofluidic devices. Each block has geometrical wavelength of λ g = w. and microchannel's width to height ratio of n = 10. Trapping of tiny particles become possible by manipulation of boundary geometries in a defined manner.
